Abstract. Given a finitely-generated group G, and a finite group Γ, Philip Hall defined δ Γ (G) to be the number of factor groups of G that are isomorphic to Γ. We show how to compute the Hall invariants by cohomological and combinatorial methods, when G is finitely-presented, and Γ belongs to a certain class of metabelian groups.
1. Introduction
Hall invariants.
In [18] , Philip Hall introduced several notions in group theory. Given a finitely-generated group G, and a finite group Γ, he defined δ Γ (G) to be the number of surjective representations of G to Γ, up to automorphisms of Γ:
(1.1) δ Γ (G) = |Epi(G, Γ)/ Aut Γ| .
|Aut Γ|

H≤Γ µ(H) |Hom(G, H)|,
where µ is the Möbius function of the subgroup lattice of Γ. For a p-group Γ, the Möbius and Eulerian functions were computed by Weisner [43] .
In Section 3, we use these results of Hall and Weisner, together with a result from Macdonald's book [30] , to arrive at a completely explicit formula for δ Γ (G) in the simplest case: that of a finite abelian group Γ. The expression for δ Γ (G), given in Theorem 3.1, depends only on Γ and the abelian factors of G. A similar expression was obtained (by other means) in [22] , in the particular case G = F n .
Metabelian representations.
The next level of difficulty in computing Γ-Hall invariants is presented by (split) metabelian groups Γ. Suppose Γ = B σ C is a semidirect product of abelian groups, with monodromy homomorphism σ : C → Aut(B). An epimorphism λ : G Γ may be thought of as the lift of an epimorphism ρ : G C. As explained in [28] , the lifts of a fixed homomorphism ρ : G → C are parametrized by H 1 (G, B ρ ), the first cohomology group of G with coefficients in the G-module B = B ρ , with action g · b = σ(ρ(g)) (b) .
We consider split metabelian groups Γ = B σ C for which B is an elementary abelian group, and C is a finite cyclic group. If K is a finite field with additive group B, then H 1 (G, B ρ ) may be identified with H 1 (G, K ρ ) where again G acts on K by means of ρ. Now Shapiro's Lemma identifies the twisted cohomology group H 1 (G, K ρ ) with the untwisted cohomology group H 1 (K ρ , K), where K ρ = ker ρ. We are thus led to investigate the homology of finite-index, normal subgroups of G.
1.4.
Homology of finite-index subgroups. Let G be a finitely-presented group, and K G a normal subgroup. Assume the quotient group, Γ = G/K, is finite. A procedure to compute H 1 (K, Z) from a presentation of G and the coset representation of G on G/K was given by Fox [13] . The efficiency of Fox's method decreases rapidly with the increase in the index |Γ| = |G : K|. In Section 4, we overcome this problem, at least partially. Our approach (similar to that of Hempel [19, 20] and Sakuma [39] ) is based on the representation theory of Γ, over suitably chosen fields K.
Consider the homology group H 1 (K, K), and set b (q) 1 (K) := dim K H 1 (K, K), where q = char K. The idea is to break H 1 (K, K) into a direct sum, according to the decomposition of the group algebra KΓ into irreducible representations. In order for this to work, we need the field K to be "sufficiently large" with respect to Γ; that is, q should not to divide |Γ|, and K should contain all roots of unity of order equal to the exponent of Γ. Let λ : G Γ be an epimorphism, with kernel K = K λ . In Theorem 4.6, we prove:
where ρ runs through all non-trivial, irreducible representations of Γ over the field K, and J ρ•λ is the Jacobian matrix of Fox derivatives of the relators, J = J G , followed by the representation ρ • λ : G → GL(n ρ , K).
When Γ is abelian and K = C, we recover from (1.2) a well-known result of Libgober [23] and Sakuma [39] :
, where ρ runs through all non-trivial, irreducible, complex representations of Γ. For other choices of K, formula (1.2) gives information about the q-torsion coefficients of H 1 (K, Z), provided q |Γ|.
1.5. Torsion points on characteristic varieties. The next step is to interpret formula (1.2) in terms of the "Alexander stratification" of the character variety of G. This can be done for an arbitrary finite abelian group Γ, but, for simplicity, we restrict our attention to the case when Γ is cyclic, which is enough for our purposes here.
In Section 5, we start by reviewing the pertinent material on Alexander ideals and their associated varieties, in a more general context than usual. The Alexander matrix, A G , is the abelianization of the Fox Jacobian, J G . The d-th characteristic variety, V d (G, K), is the subvariety of Hom(G, K * ) defined by the codimension d minors of A G . It can be shown that V d (G, K)\{1} is the set of non-trivial characters t ∈ Hom(G, K * ) for which dim K H 1 (G, K t ) ≥ d, see [21] and Remark 5.4. In Section 6, we study the relationship between torsion points on the characteristic varieties of G and the homology of finite-index, normal subgroups K G. As mentioned above, we only consider the case when Γ = G/K is cyclic, say Γ = Z N . In Theorem 6.2, we prove:
where d K (t) = max {d | t ∈ V d (G, K)} is the depth of the character t ∈ Hom(G, K * ) with respect to the Alexander stratification. In particular, if N = p is prime, then:
. In view of (1.4), we define β
is the set of characters in V d (G, K) of order exactly p.
Metabelian Hall invariants and low-index subgroups.
Once this is done, we are ready to return to the Hall invariants of G. In Section 7, we compute δ Γ (G), for split metabelian groups Γ of the form M p,q s = Z s q σ Z p , where p and q are distinct primes, s = ord p (q), and σ has order exactly p. Examples are the dihedral groups D 2p = M 2,p and the alternating group A 4 = M 3,4 . In Theorem 7.7, we prove:
This generalizes a result of Fox [14] , who was the first to use Alexander matrices for counting metacyclic representations of fundamental groups of knots and links. Put together, formulas (1.6) and (1.5) express the Hall invariant δ M p,q s (G) in terms of the number of p-torsion points on the Alexander strata of the character variety Hom(G, F q s ).
In Section 8, we use formula (1.6), together with several formulas from § §2-3, to derive information about the number, a k (G), of index k subgroups of G. It was Marshall Hall [17] who showed how to compute these numbers recursively, in terms of |Hom(G, S l )|, 1 ≤ l ≤ k. Applying this method, we obtain (in Theorem 8.2):
where n = b
1 (G). We also give formulas of this sort for the number, a k (G), of index k, normal subgroups of G, provided k ≤ 15 and k = 8 or 12.
1.7. Arrangement groups. We conclude with some explicit examples and computations in the case when G is the fundamental group of the complement of a subspace arrangement. This is meant to illustrate the theory developed so far, in a setting where topology and combinatorics are closely intertwined.
In Section 9, we look at complex hyperplane arrangements. By the Lefschetztype theorem of Hamm and Lê, it is enough to consider arrangements of affine lines in C 2 . If G is the group of such an arrangement, the characteristic varieties V d (G, C) are well understood: they consist of subtori of the character torus, possibly translated by roots of unity. Furthermore, the tangent cone at the origin to V d (G, C) coincides with the "resonance" variety R d (G, C), which is determined by the combinatorics of the arrangement. The components of V d (G, C) not passing through the origin, though, are not a priori combinatorially determined. Their appearance affects the torsion coefficients in the homology of certain finite abelian covers of the complement, as we show in Example 9.3.
In Section 10, we turn to real arrangements. More precisely, we consider arrangements of transverse planes through the origin of R 4 . If G is the group of such a 2-arrangement, the varieties V d (G, C) need not be unions of translated subtori, as shown in [32] , and also here, in Example 10.3. Furthermore, the tangent cone at the origin to V d (G, C) may not coincide with the resonance variety R d (G, C), as we point out in Remark 10.4. Finally, using the metabelian Hall invariants δ S 3 and δ A 4 , we recover the homotopy-type classification of complements of 2-arrangements of n ≤ 6 planes in R 4 (first established in [32] ), and extend it to horizontal arrangements of n = 7 planes. Acknowledgment. The computations for this work were done with the help of the packages GAP 4.1 [15] , Macaulay 2 [16] , and Mathematica 4.0.
Eulerian functions and Hall invariants
We start by reviewing two basic notions introduced by Philip Hall in [18] : the Eulerian function, φ(Γ, n), of a finite group Γ, and the Hall invariants, δ Γ (G), of a finitely-generated group G. Let L(Γ) be the lattice of subgroups of Γ, ordered by inclusion. Let µ : L(Γ) → Z be the Möbius function, defined inductively by µ(Γ) = 1, and K≤H≤Γ µ(H) = 0, for any K < Γ. Then, the Eulerian function of Γ is given by:
see [18] , and also [5] According to Weisner, the Möbius function of a finite p-group Γ is given by:
, where
Now set p r = |Γ| and p s = |Γ : Frat Γ|. The Eulerian function of Γ is then given by:
Hall invariants.
Let G be a finitely-generated group, and Γ a finite group. Let σ Γ (G) = |Hom(G, Γ)| be the number of homomorphisms G → Γ, and φ Γ (G) = |Epi(G, Γ)| the number of epimorphisms G Γ. The relation between σ and φ is given by Hall's enumeration principle:
or, by Möbius inversion:
Definition 2.3. Let G be a finitely-generated group. Let Γ be a finite group, with automorphism group Aut Γ.
Since Aut Γ acts freely and transitively on Epi(G, Γ), the number δ Γ (G) is an integer, which counts epimorphisms G Γ, up to automorphisms of Γ. In other words, δ Γ (G) is the number of homomorphs of G that are isomorphic to Γ.
Note that whenever Γ 1 and Γ 2 are finite groups, with (|Γ 1 | , |Γ 2 |) = 1. In that situation, we also have Aut( 
t t t t t t t t t t t t t t t t t t t t t t
Example 2.5. Let A 4 be the alternating group on 4 symbols. The Möbius function is given in Figure 1 . Furthermore, Aut(A 4 ) ∼ = S 4 , the symmetric group on 4 symbols. We get:
Counting abelian representations
In this section, we show how to compute the Hall invariant δ Γ (G), in case Γ is a finite abelian group. We start with the well-known computation of the order of Aut(Γ).
For a prime p, denote by Γ p the p-torsion part of Γ. Then Γ = p||Γ| Γ p , and
Let A be a (finite) abelian p-group. Then A = Z p π 1 ⊕· · ·⊕Z p πr , for some positive integers π 1 ≥ · · · ≥ π r , and so A determines (and is determined by) a partition π(A) = (π 1 , . . . , π r ). Given such a partition π, let l(π) = r be its length, and
where
2 . Given a partition λ, let λ − be the partition with λ
With these notations, we have the following: Theorem 3.1. Let G be a finitely-generated group and Γ a finite abelian group. 
By Hall's enumeration principle (2.6), we have: 
A simple calculation now shows:
This, together with formulas (3.1), (3.2), and (3.4), yields (3.3).
Especially simple is the case when the group G has torsion-free abelianization.
Corollary 3.2. Let G be a finitely generated group with
A formula similar to (3. 
Homology of finite-index subgroups
In this section, we give a formula for computing the first homology (with coefficients in a "sufficiently large" field) of finite-index, normal subgroups of a finitelypresented group.
Fox calculus. Let
. . , r m be a finite presentation for the group G. Let F be the free group with generators x 1 , . . . , x , and φ : F → G the presenting epimorphism. Let ZF be the group-ring of F , and : ZF → Z the augmentation map. For each 1 ≤ j ≤ , there is a Fox derivative,
which is the linear operator defined by the rules
Let X be the 2-complex associated with the presentation G = x 1 , . . . , x | r 1 , . . . , r m . Let X be the universal cover, and C * ( X) its augmented cellular chain complex. Picking as generators for the chain groups the lifts of the cells of X, the complex C * ( X) becomes identified with
, and
is the Jacobian matrix of G, obtained by applying the linear extension φ : ZF → ZG to the Fox derivatives of the relators.
In the same vein, given a representation τ : G → GL(n, R), we shall abuse notation, and denote by τ : ZG → Mat(n, R) its extension to group rings. If J is an m × matrix with entries in ZG, we shall denote by J τ the mn × n matrix obtained from J by replacing each entry a with τ (a).
Clearly, the integral m × matrix J G is a presentation matrix for H 1 (G). More generally, the abelianization of a finite-index subgroup K ≤ G is given by the following result of Fox.
Theorem 4.2 (Fox [13]). Let G be a finitely-presented group, and
Proof. By Shapiro's Lemma (cf. [4] ),
, the first homology of the chain complex (4.1), tensored over ZG with the module
To compute the abelianization of K by Fox's method, one needs to row-reduce the matrix J π•σ . In practical terms, this can be difficult, due to the rather big size of this matrix. If K is a normal subgroup of G, a more efficient method is to first decompose the regular representation of Γ = G/K into irreducible representations. Such a method will be described in Theorem 4.6.
4.3.
Representations of finite groups. Before proceeding, we need some basic facts from the representation theory of finite groups (see [10] as a reference). (i) The characteristic of K is 0, or coprime to |Γ|.
(ii) The field K contains all the e-roots of unity, where e is the exponent of Γ.
Condition (ii) is satisfied if, for example, K is algebraically closed. If Γ = Z p is a cyclic group of prime order, and q is a prime different from p, a sufficiently large field is K = F q s , the Galois field of order q s , where s = ord p (q) is the least positive integer such that p | (q s − 1). If condition (i) holds, then the group algebra KΓ, viewed as the regular representation of Γ, completely decomposes into irreducible representations (Maschke). If condition (ii) holds, then K is a splitting field for Γ (Brauer). Thus, if K sufficiently large, the regular representation KΓ decomposes into (absolutely) irreducible representations:
where Z = Irrep(Γ, K) is the set of isomorphism classes of irreducible K representations of Γ, and n ρ is the dimension of the representation ρ :
Since homology commutes with direct sums, we have b 
where J ρ•λ is the Jacobian matrix of G, followed by the representation ρ • λ : G → GL(n ρ , K), and ρ runs through all non-trivial, irreducible K-representations of Γ.
obtained by tensoring (4.1) with KΓ (viewed as a G-module via the representation λ : G → Γ). In other words, b
In view of (4.2), the chain complex (4.4) decomposes as:
The twisted Jacobian matrices J ρ•λ are of size mn ρ × n ρ , and have entries in
Hence, each term in the sum (4.3) is non-negative, and so
1 (G). In view of this inequality, we are led to the following definition. Definition 4.7. Let G be a finitely-presented group, and let Γ be a finite group. For q = 0, or q a prime not dividing |Γ|, and d a non-negative integer, put
In other words, β (q) Γ,d (G) counts those normal subgroups of G, with factor group Γ, for which the mod q first Betti number jumps by d, when compared to that of G. Notice that:
4.8. Homology of finite abelian covers. We may further refine Theorem 4.6 in the case when the group Γ is abelian. We start with an immediate corollary. If Γ is abelian, then all its irreducible representations over a sufficiently large field K are 1-dimensional. Hence, taking K = C in the above theorem, we obtain: Corollary 4.9 (Libgober [23] , Sakuma [39] , Hironaka [21] ). Let λ : G Γ be a representation of a finitely-presented group G onto a finite abelian group Γ. If K λ = ker λ, then:
where ρ runs through all non-trivial, irreducible, complex representations of Γ. 
Proof. Assume ρ 1 ∼ ρ 2 . Let C be the cyclic group generated by ρ 1 . Then there is an automorphism ψ :
Consequently, the K-modules presented by these two matrices are isomorphic. Hence, corank
•λ , and so the contributions of ρ 1 and ρ 2 to the sum (4.3) are equal.
The above theorem permits us to derive bounds and congruences on the mod q Betti numbers of normal subgroups K G with Γ = G/K finite abelian, provided q |Γ|. (1) Let (G) be the minimal number of generators in a finite presentation for G. Then:
. . , p r be the prime factors of k, and set
The first inequality was already noted in (4.5). To prove the second inequality, pick a finite presentation of G with = (G) generators, so that the Jacobian matrix J = J G has columns. For each representation ρ ∈ Z ∧ , the matrix J ρ•λ also has columns, since ρ is one-dimensional. Hence, corank
Alexander matrices and characteristic varieties
In this section, we introduce the characteristic varieties of a finitely-presented group G, over an arbitrary field K. G = x 1 , . . . , x | r 1 , . . . , r m be a finitely presented group. Let φ : F G be the presenting homomorphism, and α : G H 1 (G) the abelianization map. Fix an isomorphism χ :
Alexander matrix. Let
, where e i are distinct elementary divisors. This identifies the group-ring ZH 1 (G) with the ring i,j − 1). The Alexander matrix of G is the × m matrix with entries in Λ given by
∂x j φ is the Fox Jacobian matrix associated to the given presentation of G.
, is the ideal of Λ generated by the codimension d minors of A G . As is well-known, this ideal does not depend on the choice of presentation for G (but it does depend on the choice of isomorphism χ).
Characteristic varieties.
Let K be a field, and let K * be its multiplicative group of units. For N a positive integer, let Ω N,K be the set of roots of unity of order N in K.
Let Hom(G, K * ) be the group of K-valued characters of G. The isomorphism
identifies the character variety Hom(G, K * ) with the product of affine algebraic tori
viewed as a subset of the torus (K * ) n+n 1 +···+n h .
Definition 5.3. The d-th characteristic variety of the group G (over the field
In other words, The characteristic varieties of G form a descending tower, 
where K t is the G-module K with action given by the representation t :
For K = C, this was proved by Hironaka [21] (see also Libgober [24] and Cogolludo [7] ). The proof given in [24, 7] can be adapted to work for an arbitrary field K. [33] . Moreover, as shown by Libgober [25] , the tangent cone at 1 to
Depth of characters. Let t : G → K
* be a character. Since K * is an abelian group, t factors through the abelianization α : G → H 1 (G). Let A t : K m → K be the matrix obtained from A by evaluating at t. (Under the isomorphism χ : KH 1 (G) → Λ ⊗ K, the twisted Jacobian matrix J t corresponds to the twisted Alexander matrix A t .) We then have:
Definition 5.7. Let G be a finitely-presented group, and K a field. The depth of a character t : G → K * (relative to the stratification of Hom(G, K * ) by the characteristic varieties) is:
Thus, we can sharpen the upper bound from Corollary 4.11(1), as follows. Let K G be a normal subgroup, with G/K abelian of order k, and choose K to be sufficiently large with respect to G/K. Then:
Torsion points and Betti numbers
Given a normal subgroup of K G with finite cyclic quotient, we interpret the first homology of K with coefficients in a sufficiently large field K, in terms of the stratification of the character variety Hom(G, K * ) by the characteristic varieties of G.
6.1.
Homology of normal subgroups with cyclic quotient. Let Γ = Z N be a finite cyclic group. Let K be a field. Assume that K is sufficiently large with respect to Z N . Then K contains all the N -th roots of unity, and so there is a monomorphism ι : Z N → K * , sending a generator of Z N to a primitive N -th root of unity in K * . Finally, for j ≥ 0, let ψ j : K → K be the map ψ j (x) = x j .
Theorem 6.2. Let λ : G Z N be a surjective homomorphism. Let K be a field, sufficiently large with respect to Z N . Set K λ = ker(λ), and q = char K. Then
Proof. By Theorem 4.10, we have 
The conclusion follows at once.
Corollary 6.3. Let K G be a normal subgroup of prime index p.
Let q = 0, or q a prime, q = p, and let K be a field of characteristic q which contains all the p-roots of unity. Then: 
For simplicity, we shall write sometimes β
p,0 is determined from (6.6) by the sequence β (q) p , and the mod p first Betti number of G. Let
be the set of characters on 
Computations of β-invariants.
We conclude this section with some sample computations of the invariants β Example 6.8. Let G = F n be the free group of rank n.
n , and V n (G, K) = {1}, for all K. Hence, for all q:
Example 6.9. Let G = F m × F n (m ≥ n) be the product of two free groups. Then:
We then have:
be the fundamental group of a closed, orientable surface of genus g ≥ 1, with presentation [21] ). Hence:
Example 6.11. Let G = π 1 (# n RP 2 ) be the fundamental group of a closed, nonorientable surface of genus n ≥ 1, with presentation
, and the characteristic varieties are:
, and V n−1 = {1}. Hence:
and β
Counting metabelian representations
We now return to the Hall invariants of a finitely-presented group G. We show how to compute δ Γ (G), for the split metabelian groups Γ = Z s q Z p , in terms of torsion points on the characteristic varieties of G, over the Galois field F q s . 7.1. A class of metabelian groups. For two distinct primes p and q, we define the metabelian group M p,q s to be the (non-trivial) split extension
where s = ord p (q) is the order of q mod p in Z * p , and σ is an automorphism of Z s q , of order exactly p.
Note that all proper subgroups of M p,q s are abelian. Implicit in the definition is the assertion that such automorphism σ exists, and that the isomorphism type of M p,q s does not depend on its choice. This is proved in the following lemma, which also gives the order of the automorphism group of M p,q s .
Lemma 7.2. Let p and q be distinct primes, and let s = ord p (q). Then:
( 
Metabelian representations.
We now study the homomorphisms from a finitely-presented group G to the metabelian group Γ = M p,q s . Our approach is modelled on that of Fox [14] , where similar results are obtained in the case where G is a link group (with the Wirtinger presentation), and Γ = M p,q is metacyclic.
Let φ : F G be a presenting homomorphism, with F = x 1 , . . . , x . Let Γ = B σ C be a semidirect product of two abelian groups (B written additively, C written multiplicatively), with monodromy homomorphism σ : C → Aut(B). Denote also by σ the linear extension to group-rings, σ : ZC → End(B). Finally, let ρ : G → C be a homomorphism, and setρ = ρ • φ : F → C.
Lemma 7.5. Suppose λ : F → Γ is a lift ofρ, given on generators by λ(x
, then the following equality holds in B:
Proof. The proof is by induction on the length of the word w ∈ F . If w = 1, the equality holds trivially. Suppose w = ux e i , where e = ±1. Put λ(u) = b ρ(u). We then have:
e . Rewriting this last word in normal form (in the semidirect product Γ = B σ C), we obtain the following equality (in the additive group B): For p and q distinct primes, with s = ord p (q), let M p,q s = Z s q σ Z p be the split metabelian group defined in 7.1. Let b be a generator of the cyclic group Z p . Viewing Z s q as the additive group of the field K = F q (ξ), where ξ ∈ K * is a primitive p th root of unity, we may take σ(b) = ·ξ ∈ Aut(K). In particular, this identifies Z p as a subgroup of K * , and thus, Hom(G, Z p ) as a subset of the character variety Hom(G, K * ).
Proposition 7.6. The number of homomorphisms, respectively epimorphisms from the finitely-presented group G to the metabelian group M p,q s is given by
where K = F q s , and the sums are over representations ρ :
q . In view of Lemma 7.5, we must solve the following system of equations over K = F q (ξ): 
Example 7.8. For free groups, Theorem 7.7 gives:
,
, and the other terms in the sum vanish. In particular, this recovers formulas (2.9) (when p | q − 1) and (2.10) (when p = 3, q = 2). For a product of free groups, we get:
. Example 7.9. For orientable surface groups of genus g ≥ 1, Theorem 7.7 gives:
.
For non-orientable surface groups of genus n ≥ 1, we get:
. (7.9) Table 1 gives the values of δ Γ (G), for some of the groups G in Examples 7.8 and 7.9, and for some finite groups Γ of small order.
Counting finite-index subgroups
We now discuss some other invariants of a finitely-generated group G, obtained by counting finite-index subgroups of G in various ways. If G is finitely-presented, and the index is low, these invariants can be computed from the characteristic varieties of G, and some simple homological data. Also, let h l (G) = σ S l (G) be the number of homomorphisms from G to the symmetric group S l . The following well-known formula of Marshall Hall [17] (see also [29] ) computes a k in terms of h 1 , . . . , h k (starting from a 1 = h 1 = 1): Table 1 . Γ-Hall invariants of some finitely presented groups G.
For the free group G = F n , we have h k (F n ) = (k!) n , and so, as noted by M. Hall,
For the free abelian group G = Z n , a result of Bushnell and Reiner [6] gives a k (Z n ) recursively, starting from a k (Z) = 1:
(see [27] for a simple proof, using the Hermite normal form of integral matrices).
is the zeta function of the group G, and ζ(s) is the classical Riemann zeta function (see [29] for a detailed discussion).
For surface groups G, the numbers a k (G) were computed by Mednykh [35] .
As an application of our methods, we express the number of index 2 and 3 subgroups of a finitely-presented group, in terms of its characteristic varieties. 
Proof. Clearly, a 2 = h 2 − 1 = δ Z 2 , and the first identity follows from Theorem 3. Figure 1) . Thus, P. Hall's formula (2.5) gives h 3 = 1 + 3δ Z 2 + 2δ Z 3 + 6δ S 3 . Using Theorem 3.1, we get:
The second identity now follows from Theorem 7.7.
For example, a 3 (F n ) = 3(3 n−1 − 1)2 n−1 + 1, which agrees with M. Hall's computation. Also, a 3 
All the terms in the sum can be computed as above, except those corresponding to D 8 = Z 4 Z 2 , and S 4 = Z 
Using this formula, and our previous formulas for the Hall invariants, we can compute α k (G) in terms of homological data, provided k has at most two factors. 
(2) If p and q are distinct primes, then Remark 8.6. We may also define α k (G) to be the number of index k, normal subgroups K G, with G/K abelian. That is, 1 (G), we have:
Arrangements of complex hyperplanes
A (complex) hyperplane arrangement is a finite collection of codimension 1 affine subspaces in a complex vector space. Let A = {H 1 , . . . , H n } be a central arrangement of n hyperplanes in C . A defining polynomial for A may be written as f = f 1 · · · f n , where f i are (distinct) linear forms. Choose coordinates (z 1 , . . . , z ) in C so that H n = ker(z ). The decone A * = dA (corresponding to this choice) is the affine arrangement in C −1 with defining polynomial
Let m be the number of multiple points in a generic 2-section of A * . The group G * = G(A * ) admits a finite presentation of the form
where α 1 , . . . , α m are the "braid monodromy" generators-pure braids on n − 1 strings, acting on F n−1 = x 1 , . . . , x n−1 via the Artin representation, see [8] for details and further references. In particular, (cf. [9, 24] ). We do not know whether (a) holds if C is replaced by a field K of positive characteristic. On the other hand, the first half of (b) can easily fail in that case. We refer to [9, 12, 24, 26] for methods of computing the (complex) characteristic and resonance varieties of hyperplane arrangements, and to [41] for further details on the examples below.
Example 9.1. Let A be the braid arrangement in C 3 , with defining polynomial f = xyz(x − y)(x − z)(y − z). The fundamental group is G = P 4 , the pure braid group on 4 strands.
For any field K, the variety V 1 (G, K) ⊂ (K * ) 6 has five components, all 2-dimensional: four 'local' components, corresponding to triple points, and one 'non-local' component, corresponding to an (essential) neighborly partition of the matroid. The components meet only at the origin, 1 = (1, . . . , 1). Moreover, V 2 (G, K) = {1}.
Let p be a prime, and q = 0, or a prime distinct from p. From Theorem 6.5, we get: + 1) ), for all q. Theorem 7.7 now gives:
Example 9.2. Let A be the realization of the non-Fano plane, with defining poly- 
. Thus, the braid arrangement has a 3 = 409, the non-Fano plane has a 3 = 1, 177, and the deleted B 3 arrangement has a 3 = 3, 469.
The idea to use the count of index 3 subgroups as an invariant for hyperplane arrangement groups originates with the (unpublished) work of M. Falk and B. Sturmfels. These authors considered a pair of non-lattice-isomorphic arrangements of 9 planes in C 3 . The respective groups are in fact isomorphic (see [8, Example 7.5] ). In each case, the variety V 1 has twelve 2-dimensional components (8 corresponding to triple points, and 4 to braid sub-arrangements), and V 2 has one 3-dimensional component (corresponding to a quadruple point). Hence: is the closure of a pure braid β ∈ P n . The fundamental group of the complement, G(A) = π 1 (X(A)), has the structure of a semidirect product of free groups: G(A) = F n−1 ξ 2 Z, where ξ is a certain pure braid in P n−1 , determined by β, see [32] . Moreover, X(A) is an Eilenberg-MacLane space K(G, 1).
A 2-arrangement A is called horizontal if it admits a defining polynomial of the form f = n i=1 (z+a i w+b iw ), with a i , b i real. From the coefficients of f , one reads off a permutation τ ∈ S n . Conversely, given τ ∈ S n , choose real numbers a 1 < · · · < a n and b τ 1 < · · · < b τn . Then the polynomial f = For n ≤ 5, all 2-arrangements are horizontal. For n = 6, there are 4 nonhorizontal arrangements: L, M, and their mirror images. These arrangements were introduced by Mazurovskiȋ in [34] ; further details about them can be found in [32] . For n = 7, there are 13 non-horizontal arrangements, see [2] . r r r r r r r r r r t t t t t t t t t t t t Comparing the answer given there with the one from Example 10.3, we see that the variety R 2 (G, C) has 10 irreducible components, whereas V 2 (G, C) has only 9 components passing through the origin (the tenth component, which does not contain 1, is not a translated torus). Thus, the tangent cone at 1 to V 2 (G, C) is strictly contained in R 2 (G, C). Another example where such a strict inclusion occurs (with G the group of a certain 4-component link) was given in [31, §2.3] .
10.5. Classification of 2-arrangement groups. The rigid isotopy classification of configurations of n ≤ 7 skew lines in R 3 (and, thereby, of 2-arrangements of n ≤ 7 planes in R 4 ) was established by Viro [42] , Mazurovskiȋ [34] , and Borobia and Mazurovskiȋ [2] . Clearly, if A is rigidly isotopic to A , or to its mirror image, then G(A) ∼ = G(A ). The converse was established in [32] , for n ≤ 6, using certain invariants derived from the characteristic varieties V d (G, C) to distinguish the homotopy types of the complements.
We now recover the homotopy-type classification from [32] , extending it from 2-arrangements of at most 6 planes to horizontal arrangements of 7 planes, by means of a pair of suitably chosen metabelian Hall invariants. Note that the classification can also be achieved by the Hall invariant δ M 3,7 (given in the last column of Table 2 ), either singly (for n ≤ 6), or together with δ S 3 or δ A 4 (for n = 7 and A horizontal). Nevertheless, no combination of these 3 invariants is enough to classify the groups of non-horizontal arrangements of n = 7 planes. It
